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Kirkham: Evaluation of ?cot x sin 2mx In(sin x/sina)dx, Etc.

Evaluation of fcot x sin 2mx In(sin x/sin
a)dx, Etc.
Do~ KirkHAM?

Abstract. For m = 1,2, ... the following indefinite integrals
are evaluated

cot x sin 2mx dx, ftan x sin 2mx dx
cot 2x sin 2mx dx, {2 csc 2x sin 2mx dx
cot x sin 2mx In(sin x/sin a)dx, ftan x sin 2mx In(sin x/sin a)dx
2fcot 2x sin 2mx In(sin x/sin a)dx, 2 fesc 2x sin 2mx In(sin x/sin a)dx

Also, formulas are given for the last four expressions where
f(x) replaces In(sin x/sin a). Further, procedures for evaluat-
ing the above expressions are outlined when cos 2mx re-
places sin 2mx. The need of the integrals arose in connection
with Fourier series where singularities in the function to be
developed had been removed.

In a problem on ground water movement, need of the integral

Jm arose:

Ju = fcot x sin 2mx In(sin x/sin a) dx, m = 1,2, ..., (1)
where a is a positive constant and a = x = /2. This integral
is not listed in Pierce (1929), Dwight (1947) Grobner and Hof-
reiter (1949), or in other tables consulted. We shall evaluate
it and some related integrals. The final result for J,, is given by
Eq. (25). Related results, where tan x, 2 cot 2x and 2 csc 2x
replace cot x in Eq. (1), are found in Egs. (32), (42) and
(43). More general formulas, where, in Eq. (1), f(x) replaces
In(sin x/sin a), are found in Egs. (9), (31), (38) and (39).
Some auxiliary integrals, fcot x sin 2mx dx, etc., are given by
Egs. (7), (30), (40) and (41). It is hoped that these evaluated
integrals will find their way into books of integrals.

To evaluate [, a series integration seemed indicated. There-
fore the methods of Willis (1945) and Buschman and Durbin
(1959) were tried, but without success. The integral was finally
evaluated by series expansions as follows: (a) by expressing
cot x as cos x/sin x; (b) then substituting in the integral J,
the cdd term development for (sin x)—! given by Dwight (1947,
No. 416.21) (Dwight is hereafter denoted by Dw.) and the even
term development for In sin x(Dw., 603.2); (c) integrating term
by term; (d) interchanging the integration and summation order;
and (e) finally summing analytically the single and double
summations which arose. With the answer once discovered, an
casier method to get it was found which we give here; but
before giving it we remark that Dw. 416.21, used above, does
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not as it stands converge for real values of its argument: other
series terms which we used with it made it meaningful.

ANALYSIS: EVALUATION OF Jn, EQ. (1)

Consider the integral K,, defined by
K = ff(x) cot x sin 2mx dx, m=12 ..., (2)
where f(x) is a function of x which is differentiable in a = x =
/2. ;
Integration by parts yields from Eq. (2)

Ky, = f(X) Ln —fLm[df(X)/dX] dX, (3)
where
L, = fcot x sin 2mx dx, (m = 1,2, . ..); (4)
which may be evaluated by expressing cot x 2mx as polynomials
in cos 2qx, ¢ = 0,1,2, . . ., m as follows.

Trigonometric Polynomials

In Dw. 403.02, 403.04 and 403.06 we find expressions which

may be written in the form

sin 2x = (cos x)2 sin x

sin 4x = cos x sin x (4 — 8 sin?x)

sin 6x = cos x sin x (6 — 32 sin®x + 32 sin*x),
etc., where the additional terms may be obtained from Dw.
403.11.

Now multiply each of the above three equations through by
cot x, simplify the results, and in these results replace cos2x by
(1 — sin%x), to find:

cot x sin 2x = 2 — 2 sin?2x

cot x sin 4x = 4 — 12 sin®x + 8§ sin*x

cot x sin 6x = 6 — 38 sin®*x + 64 sin*x —32 sin®x
etc.; which equations, in view ,of Dw. 404.12, 404.14, 404.16 re-
duce, after algebraic simplification, to the expressions:

cot x sin 2x 1 + cos 2x

cot x sin 4x = 1 + 2 cos 2x + cos 4x

cot x sin 6x = 1 + 2 (cos 2x + cos 4x) -+ cos 6x

cot x sin 8x = 1 + 2 (cos 2x 4 cos 4x 4 cos 6x) + cos 8x,
etc., from which, after some rearranging, one obtains the general
result (p =12,...):

I

m—1
cot x sin 2mx = 1 4+ 2 3 cos 2px + cos 2mx (5)
p=1
which agrees with a result in Jolley (1925, formula 204 ), which
is

cos0—|—cos20+cos$0+...nterms:cos%(n—k 1)6 sin

né 7}
—CcsC —
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Expressions for Ky, Ly, and ],
Integration of both sides of Eq. (5) with respect to x now

yields:
m—1
Le=x+ 3 (1/p)sin 2px + (1/2m) sin 2mx (6)
p=1
That is
Seot x sin 2mx dx = x + 3 — sin 2px
p=1P

—|—zlEsin 2mx, (m=12,...). (7)

So that Egs. (3) and (7) now yield

m—1

Ko = [£(x)](x + pi1_1135m 9px +2—11n sin 2msx)
— f(x + 2 —I;sm 2px +—sm 2mx) [df(x)/dx]dx (8)
p=1

That is, we have from Eqs. (2), (3) and (8) the general result
Seot x sin 2mx f(x) dx

= f(x) (x + 2 —p—sm 2 px —|— = sm 2mx)
p=
m—1 4 df(x)
— f(x+ = —sin 2px + sm 2mx) dx, (9)
p=1 P dx

Comment: The rhs of Eq. (9) may be evaluated for a number
of forms of f(x). In particular, if f(x) = x*, x?, . . . x!1, and if the
limits of integration are x = 0 and x = #/2, and if m = 1,2,3,
50, then, tables to ten places of decimals, of Lowan and Lader-
man (1943), may be used for the integrals in the RHS of Eq. (9).

We may now write down a preliminary formula for J,. Let
f(x) be given by

f(x) = In(sin x/sin a);

then we find that Eq. (9), in view of Eq. (1), becomes

-1 ‘
Jm = [In(sin x/sin a)] [x +m21v (1/p) sin 2px + (1/2) sin 2mx]
p:

Published by UNI ScholarWorks, 1961
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m—1

— fIx+ = (1/p)sin 2px + (1/2m) sin 2mx] cot x dx (10)
p=1

which we simplify now as follows.
Simplification of J, of Eq. (10).
Define quantities Ly(x), F(x) and Ru(x) respectively by:

m—1
Ln = [In(sin x/sin a)] [x + 3 (1/p)sin 2px—(1/2m)sin 2px],
p=1 (11)
F(x) = fx cot x dx, (12)
Ru(x) = f( 3 = sin 2mx 4 —— sin 2mx) cot x dx (18)
Then Eq. (10) becomes
Ju = Lm(x) — F(x) — Ru(x) (14)

Here we know L, by Eq. (11). As for F(x) we do not have it
in closed form, but we have for it the series (Dw. 491.1.)

x3 x5
which is tabulated by Berghuis [1954, p. 4, his g, (x)] to 8 places
of decimals for x = 0, 0.05, 0.10, . . ., 2.50, where we note that

2.50 is greater than m/2, the upper value of x needed in the
problem originally cited.

We have to consider Ry(x). To evaluate it, let us write out
Egs. (13) and (7) for several values of m and combine the
results to find

1 )
R.l 2x+ 251n2x

2
1 1,1 L
R2=(l+z)x+(z*h)sin2x+hzsmhx

P 1.1.1.. 1l L. L
RB=(l+_5+g)x+(‘2-+5+Z)sm2x+2(h*6)sml.x+6zsin6x

1,1.1, . L, 1,1, Ly 11,1, L,
R[,,g(1+5+-3'+B)X+(2+2+3+8)31n2’(+§(4+3+8)sm1‘x
11,1 1.
+ 3(6 + 8)sin 6x + 2 sin 8x
L1,1,1,Lly ..l 1, Ly,
nsu(1+2+3+h+10)x+(2+2+3+h+10)sm2x

+;-(l+1+l+l—)sin4x+-— l+1—)3;1.r16x

1,1 .1
= (F+ =+
https://scﬁofarvv%rks{Uni.%(c)ju/pias/vol%8£7issf‘/585 10
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+ %(% + %5)5]'.1’1 8x + 1‘—05 sin 10x
That is, we may write:
Rl = Sl()X + Sll sin 2x
Rg = SzoX + Szl sin 2x -I— Sgg sin 4x
Rg = SgoX -}— S31 sin 2x + S32 sin 4x + 833 sin 6x
Rn = Smox + Spa sin 2x —|— Sme sin 4x —}-‘. . ..+ Smn sin 2nx
+ ...+ Sum sin 2mx (16)
and so forth, where
SlO = 1/22 Sll = 1/22 (17
Smo = (1 + — + + + )+2 m=23,...
(18)
(There are m—1 terms in the parentheses)
and
Sim = 1/(2m)?, m=12 ... (19)

But the general term S, is not
To get Sy, one may first ch

immediately apparent.
eck against the equations above

Egs. (16) that the coefficients Sy, for Ry and Rs; may be written

as in Table 1.

Table 1. Coefficients of Rs and Rs.

S0=1vE*5"3

S0 7 T80 = @) + 3]

S,2° 3180~ L+ 3) + 1
557380 " At 3P )
5, = 1/8°

With the help of this table

1 1
Smn —-—n‘[smo - (1 +—

)+ o
Published by UNI ScholarWorEs 196

50 = 1*%*%*%*%6

551 '%[Sso' (L + 3

552 = 3850 = 1+ ) + )
553-%[550—(1+%+-31-)+;1;]
554’%[550'(1+%+§+%) +%J
55-1/102

we deduce the result
+—1-+...+-ni1—+

12n
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which may be written in the form
1 1 1 1
Smn —_n[smo - (1 +_2' + _3+'+ Il—l)_
1

o (20)
There are (n—1) terms in the parentheses.

We can obtain the result of Eq. (18) and of Eq. (20) in better
form by utilizing the Psi-functions.

The S, in terms of Psi Functions

The Psi (digamma) function, for m = 1,2,3, .. ., may be defined
(see Davis, 1933, pp. 277-278) as

W(m) = [1 +% 4 —51,)- 4 ... (m—1) terms] — 0.57722, (21)

where 0.57722 [= — ¥(1)] is the approximate value of Euler’s
constant; and the Y(m) are tabulated to include m = 1,23, ...,
450 and to at least 16 significant figures by Davis [1933, Vol. 1,
pp. 348-352].

Therefore, we see that Egs. (17), (18), (19) and (20) are the

same as
Smo = Yi(m) — W(1) + 1/(2m), m=123... (2
S — 111 [(m) — W(n) _% ( —111—— El) ln=123, ..., m—1

(23)
1

mn — (2-1,11_)?’

where in terms of { functions we may also write the last ex-
pression as

S m=1283, ... (24)

Sum = g [H(m+1) — d(m) 2

Final Formula for ],

Considering in order Egs. (1), (14), (11), (12), (15), (16), (21)-
(24) we have, finally [when a is a constant; and a = x < 7/2;
and m = 1,2, ...], the result

fcot x sin 2mx In(sin x/sin a) dx

m-ly 1
= [In(sin x/sin a)] [x + il-g sin 2px — om D 2mx]

https://scholarworks.uni.edu/pias/vol68/iss1/58
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x5 x5
—k—gT o)
— (Smo + Smi1 sin 2x + S;2 sin 4x 4 Sp3 sin 6x + ...
+ Sum sin 2mx), (25)
where we remember that (x — x3/9 — x5/225 — ...) is tabulat-

ed by Berghuis [1954, his g; (x); and where S, Smi, etc. are
give by Egs. (22), (23) and (24) in which the {(m) [see Eq.
(21)] are tabulated by Davis (1933, Vol. 1, pp. 348-352)].

In particular, we obtain from Eq. (25), taking m=1, the result

fecot x sin 2x In(sin x/sin a)dx = [In(sin x/sin a)] [x ——;sin 2x]

x8 x5
9 T 225
where Sl() = 1/2 and Sll = 1/22

For m = 2 we find
fcot x sin 4x In(sin x/sin a)dx

—_ (X— —_— ...) —_ (Sl()+ S]_1 sin 2X) (26)

= [In(sin x/sin a)] [x + sin 2x —%sin 4x] R
3 5
— (x —S———2§2—5 — ...) 4 S20 + So1 sin 2x + Sao sin 4x),

where Szo = 5/4, 821 = 3/4, S22 = 1/16
For m = 3, we find

sin x
- d
sin a

Jeot x sin 6x In

= (lnzllgz ) (x + sin 2x —|——isin 4x —A% sin 6x)
x x°
— gy
— (Ss30 + Ssz1 sin 2x + Sgo sin 4x 4 Sy sin 6x), (28)

where S3o = 5/3, S31 = 5/12, S32 = 5/24, 833 = 1/36.

EVALUATION OF ftan x sin 2mx In (sin x/sin a) dx, ETc.

Proceeding, as we did above Eq. (5), we now find in place
of Eq. (5) the result

m—1
tan x sin 2mx = (—1)=+! 4 3 (—1)m—»+! cos 2px —
p=1
cos 2mx, (29)
Published by UNI ScholarWorks, 1961
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and in place of Eq. (7) we find

ftan x sin 2mx dx = (—1)™+tix + 3 (—1)m—p+l_—gip
p=1 P
2px — % sin 2mx, (30)

and in place of Eq. (9) we find

m—1

ftan x sin 2mx £(x)dx = £(x)[(—1)=Hx 4 —Il)sin 2px —
p=1
1 .
%sm 2mx]
— f[(—=1)m+x 4+ 3 (—1) ™+l _—gin px — ——
p=1 p 2m
sin 2mx] (df/dx)dx, (31)
and finally instead of Eq. (24) we find
ftan x sin 2mx In(sin x/sin a)dx
= [In(sin x/sin a)] [(—1)m+x + 3 (—1)m—p+l =
p=1 P
sin 2px — 5 Sin 2mx]
3 x° .
(—l)m(x —-—X—3 —72‘5-— ) -+ Tm(,x -+ Tuisin 2x +
+ Thm sin 2mx, (32)
where, when m = 1,3,5, ..., we have
1 1
mo—\b(m) Trn_lr/“rnzi>, (m:1,3,)
and when m = 24,6, ... we have
To = — ¥ (m) + 5=+ ¥(m/2);  (m=24,...)
and where for the Ty, we have (distinguishing between m odd
and m even) for m = 1,35, . . . and m 4 p, the results
1 . p+1
Top = 1§ Tow — Db(p1) — (B0 + 1
p=13,...

https://scholarworks.uni.edu/pias/vol68/iss1/58
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_1 _ e N
T = § T — (1) — w(B52)1 — 51
p=24,..
and for m =2, 4, 6 and m 4 p, the results
I N —pEy - L
Tmp——- p 2 Tmo _l" ["l}(p_!_l) l!’( 2 )] 2p },
p:1,3,...,m7$p
_ 1 , ‘ _ p+2
Tup = — { Too + [W(p+1) — w(EEH T+ 5 |

p=24,...,mp;
and for m = p, the result
Tum = 1/(2m)?2, m=12 ...
Corresponding to Eq. (26) we have (putting, in Eq. 32, m =
1) the result

ftan x sin 2x In(sin x/sin a) dx = [In(sin x/sin a)] x — %
sin 2x)
x3 x5
~(X—T——22—5—— ..) + Tiox + Ty sin 2x (83)
where Ty = 1/2, and T;; = 1/4.
Corresponding to Eq. (27) we have
Jtan x sin 4x In(sin x/sin a)dx
= [In(sin x/sin a)] (— x + sin 2x — %sin 4x)
x3 x°
+ (X—?—m— .o.) F Toox + T o1 sin 2x +
Tao sin 4x, (34)
where Toy = — 3/4, Toy = — 1/4 and Te» = 1/16.
Corresponding to Eq. (28) we have
ftan x sin 6x In(sin x/sin a)dx
= [In(sin x/sin a)] (x — sin 2x —|——;‘ sin 4x ——(13- sin x)
x3 x5 .
—(x— & T .) 4 T30x +T31sin 2x + T3osin 4x
-+ T33sin 6x, (35)
where T3p = 2/3, Ts; = 1/6, T3 = — 1/24 and T33 = 1/36,

Published by UNI ScholarWorks 1961
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EvaLuaTioN oF 2fcot 2x sin 2mx f(x)dx, Etc.

We observe the relations
cot x — tan x = 2 cot 2x (36)
cot x + tan x = 2 csc 2x (87)
Therefore from Eqgs. (9), (31) and (36) we find
J2 cot 2x sin 2mx f(x) dx
= [RHS of Eq. (9)] — [RHS of Eq. (31)], (38)
Likewise from Egs. (9), (31) and (37) we find
f2 csc 2x sin 2mx f(x) dx
— [RHS of Eq. (9)] — [RHS of Eq. (31)]. (39)
Formulas like Eq. (7) are quickly obtained from the last two
formulas by putting f(x) = 1.
Thus, from Eq. (38) find
J2 cot 2x sin 2mx dx = [RHS of Eq. (38) with f(x) = 1]. (40)
From Eq. (39). find
J2 csc 2x sin 2mx dx = [RHS of Eq. (39) with f(x) = 1]. (41)
Formulas like Eq. (25) are now quickly written down, using
Egs. (25), (32) and (36). We find
J2 cot 2x sin 2mx In(sin x/sin a) dx
= [RHS of Eq. (25)] — [RHS of Eq. (32]. (42)
and from Egs. (25), (32) and (37) we find finally
J2 csc 2x sin 2mx In(sin x/sin a)
= [RHS of Eq. (25)] + [RHS of Eq. (32)]. (43)

InTEGRALS WHEN cos 2mx REPLACES sin 2mx N Egs.
(25), (32), ETc.

If cos 2mx replaces sin 2mx in the LHS of Eq. (25), and in
the RHS of Eq. (1), and in the LHS of Eq. (9), one sees, if
one proceeds as from Eqgs. (1) to (7), that the key integral
needed is

feot x cos 2mx dx.

This can be evaluated by first expressing cot x as (cos x/sin x),
then multiplying this by the expansions for cos 2mx given by
Dw. 403.22, 403.24, 403.26., and then integrating term by term
using Grobner and Hofreiter (1949 part 1, p. 120, formula 331.-
13a). The results will lead to the expressions corresponding to
Eqgs. (9), (1) and (25).

To obtain the equations corresponding to Egs. (31) and (32),
when, in their LHS’s, cos 2mx replaces sin 2mx, the key integral
is

ftan x cos 2mx dx.

Here one expresses tan x by (sin x/cos x) and multiplies this by
the expression for cos 2mx given by Dw. 403.3. Integrals of the
form fsin x cos px dx (p, an integer) arise which are immediately

integrable. The expressions corresponding to Egs. (31) and (34)
https://scholarworks.uni.edu/pias/vol68/iss1/58
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follow. Finally, with the help of Eqs. (36) and (37), expres-
sions when cos 2mx replaces sin 2mx in Eqgs. (38), (39), (40),
(41), (42) and (43), can be obtained.

Comment: Some of the integrals considered in this paper are
of interest for use in developing cot x and tan x into Fourier
series where the region(s) about the singularity of cot x or tan x
is replaced (as was true in work prompting this paper) by func-
tions which satisfy the Dirichlet conditions. The integrals with
cos 2mx are of especial interest (a) because they turn out to
be simple and (b) because Kirkham (1957) has shown that any
function satisfying Dirichlet’s conditions can be developed into
an odd term half-range cosine series.

SuMMARY

Form = 1,2, ... the following indefinite integrals are evaluat-
ed [see Egs. (7), (30), (40), (41), (25), (32), (42) and (43)]:

Jeot x sin 2mx dx, Jtan x sin 2mx dx
fcot 2x sin 2mx dx, 2 csc 2x sin 2mx dx
cot x sin 2mx In(sin x/sin a) Jtan x sin 2mx In(sin x/sin a)
, X
2fcot 2x sin 2mx In(sin x/sin 2fcsc 2x sin 2mx In(sin x/sin
a)dx, a)dx

Also, formulas are given for the last four expressions [see Egs.
(9), (31), (38) and (39)] where f(x) replaces In(sin x/sin a).
Further, procedures for evaluating the above expressions are
outlined when cos 2mx replaces sin 2mx. The need of the in-
tegrals arose in connection with Fourier series where singularities
in the function to be developed had been removed.
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